Abstract. We show how the Cauchy (or, more generally, the Leray) residue formula can be understood as an informal complex analog of the Stokes formula. It allows one to treat the Poisson (and symplectic) structures on the moduli spaces of at connections on real manifolds and those structures on the moduli spaces of holomorphic bundles on complex manifolds in a parallel way.
Introduction
The formal \real-complex" correspondence extends to many mathematical notions in a rather \straightforward" way: for instance, the parallelism between the groups of orthogonal and unitary matrices, or, say, between the Stiefel{Whitney and Chern classes of vector bundles. In A1, A2] V. Arnold presented many less formal \dual pairs" in this R ? C correspondence of notions, such as, e.g.,
Real version:
Complex version:
Morse theory Picard-Lefschetz theory a manifold with boundary a 2-rami ed covering manifold's orientation homotopy class of Hermitian framings and posed a question about an informal analog of the DeRham cohomology theory.
In this paper we suggest an answer to this question, extending the \informal complexi cation" table as follows:
DeRham theory of smooth di . forms Leray theory of merom. forms manifold's boundary polar set of a form restriction to the boundary taking residue Stokes formula Cauchy (Leray) formula.
We develop here the idea from FK] , where this parallelism was used for an explicit realization of the central extensions of current groups on Riemann surfaces as a \complex analog" of a ne groups. We show how this heuristic principle can be applied to constructions of symplectic and Poisson structures on the moduli spaces of at connections and of integrable (0,1)-connections (or holomorphic bundles) on real and complex two-and three-dimensional manifolds. The real setting is classical, see AB, FR, Ad] . The complex counterpart is the result of our discussions with V. Fock and A. Rosly (cf. also K] ). Our goal in this paper is mostly expository, and we refer for all details, proofs, and further applications to FKR], as well as to a relevant treatment in FKT].
The statements are presented in \real-complex" pairs with the indexes R or C respectively. We emphasize that the complexi cation considered is not \formal" in any way: we study smooth objects on complex manifolds, thus doubling the domain dimension. The holomorphic objects arise as certain equivalence classes (orbits, symplectic leaves) of these smooth ones (cf. AHS, EF, FKR] ).
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1.1. The Leray residue. The Leray residue formula is a higher-dimensional generalization of the Cauchy formula, which gives the value of a contour integral of a meromorphic 1-form via form's residue at the pole.
Let ! be a closed meromorphic k-form on a compact complex n-dimensional manifold M with poles on a nonsingular complex hypersurface N M. All poles here and below are supposed to be of the rst order. Let be a function de ning N in a neighborhood of some point p 2 N. Then locally, in a certain neighborhood The theory above admits natural generalizations to the case of closed C 1 -smooth forms !, as well as to the case of polar sets which consist of several complex hypersurfaces in a general position in M. Remark 1.3. According to the table in Introduction we will regard the poles of meromorphic forms as the \complex analogs of the boundary", while the boundary orientation (being Z 2 -valued) is replaced by an (integral valued) index of a contour with respect to the polar set.
For several problems in algebraic geometry V. Arnold used the following counterpart of the boundary operator (see, e.g. A2, A3] ). Let f(x) be a function de ned on the manifold with boundary, say fx j x 0g. The latter is not an algebraic constraint, and hence it cannot be straightforwardly understood over C . To overcome this di culty, introduce an additional variable y, and replace the condition x 0 by the algebraic condition x = y 2 . The latter relation over C de nes a twofold covering of the x-axis rami ed at fx = 0g. Thus, the passage to the rami ed covering de nes a would-be complexi cation of the boundary operator.
Note, that this version of the boundary operator is consistent with the complexi cation table above once we apply it to the set of meromorphic forms. If we start with a meromorphic form !(x) of the variable x with a pole (of rst order) at x = 0 (say, dx=x), then after the change of variable x = y 2 we obtain the form !(y) (respectively, equal to 2dy=y) with the pole of rst order at y = 0.
The Stokes{Leray Theorem and its applications. The theorems of
Stokes and Leray admit the following \joint" version. Let M be a complex compact manifold of complex dimension n, and N a complex hypersurface. Theorem 1.4 (see e.g. GS, FK] ). Assume that a 2n-form = d ^ on M n N is a wedge product of an exact smooth n-form d with 2 n?1 (M) and a meromorphic n-form on M with a polar set N of order 1. Then the form is an integrable form on M, and (1)
The integrability of the form follows from the fact that , as well as has a pole of rst order on N, while the (real) codimension of N equals 2. The equality is proved by successive application of the Stokes and Leray formulas to the integral R M , where M is split into the sum of a tubular neighborhood of N M and the neighborhood's complement. Theorem 1.4 remains true if is allowed to have poles of the rst order along a union of hypersurfaces.
Note, that the dimension of the manifold of integration in (1) drops by 2 at once. Moreover, both the smooth objects and the meromorphic ones appear together in the relation (1), and the meromorphic form can be thought of as \measure-like", while smooth as variable. The formula (1), as well as that of Cauchy, will further be regarded as a complexi cation of the Stokes formula, and it replaces the latter in complex versions of proofs of the statements below, cf. FK].
Remark 1.5. We denote by H n (M n N) the space of meromorphic n-forms on M with poles on N (of the rst order). For K ahler M this is a nite-dimensional space, and it turns out to be isomorphic to the direct sum of the space H n?1 (N) of holomorphic (n ? 1)-forms on N and the space H n (M) of holomorphic n-forms on M, provided that h n;1 (M; C ) = 0 (see e.g. Ch]). In other words, under this assumption every meromorphic n-form on M is de ned by its residue on N uniquely up to a holomorphic n-form on M. x2. Spaces of at connections on real and complex surfaces.
In this Section we recall several results on Poisson structures on the space of smooth connections on real 1-, 2-, and 3-dimensional manifolds. Their \complex-i cation" according to the table in Introduction allows one to describe the (holomorphic) Poisson structures on the spaces of smooth connections on complex 1-, 2-, and 3-dimensional manifolds.
We will use the following notations throughout the paper.
De nition 2.1R. In the real case G stands for a simple simply connected compact Lie group, g = Lie(G) is its Lie algebra. Let S (or C; D) be a real manifold (possibly with boundary), and E be a principle G-bundle over S. Let A S be the a ne space of all smooth connections in E: A S = fd + A j A 2 1 (S; g)g. Note that if all curves j are nonsingular and disjoint, then they are elliptic curves. Indeed, the residue of the nonvanishing meromorphic 2-form ! is a holomorphic 1-form on j without zeroes.
Remark 2.5R. To prove the real version one notices that the Hamiltonian functions of the in nitesimal G S -gauge action on A S form the Lie algebra g S extended by the 2-cocycle 
